The Effect of Magnetic Fields and Ambipolar Diffusion on the Column
  Density Probability Distribution Function in Molecular Clouds by Auddy, Sayantan et al.
ar
X
iv
:1
71
0.
05
42
7v
1 
 [a
str
o-
ph
.G
A]
  1
6 O
ct 
20
17
MNRAS 000, 1–12 (2016) Preprint 8 November 2018 Compiled using MNRAS LATEX style file v3.0
The Effect of Magnetic Fields and Ambipolar Diffusion on
the Column Density Probability Distribution Function in
Molecular Clouds
Sayantan Auddy,1,2⋆ Shantanu Basu,1† Takahiro Kudoh3‡
1Department of Physics and Astronomy,The University of Western Ontario, London, ON N6A 3K7, Canada
2Harvard-Smithsonian Center for Astrophysics, 60 Garden Street, Cambridge, MA 02138, USA
3Faculty of Education, Nagasaki University,1-14 Bunkya-manchi, Nagasaki 852-8521, Japan
Accepted XXX. Received YYY; in original form ZZZ
ABSTRACT
Simulations generally show that non-self-gravitating clouds have a lognormal column
density (Σ) probability distribution function (PDF), while self-gravitating clouds with
active star formation develop a distinct power-law tail at high column density. Al-
though the growth of the power law can be attributed to gravitational contraction
leading to the formation of condensed cores, it is often debated if an observed lognor-
mal shape is a direct consequence of supersonic turbulence alone, or even if it is really
observed in molecular clouds. In this paper we run three-dimensional magnetohydro-
dynamic simulations including ambipolar diffusion with different initial conditions to
see the effect of strong magnetic fields and nonlinear initial velocity perturbations on
the evolution of the column density PDFs. Our simulations show that column density
PDFs of clouds with supercritical mass-to-flux ratio, with either linear perturbations
or nonlinear turbulence, quickly develop a power-law tail such that dN/d logΣ ∝ Σ−α
with index α ≃ 2. Interestingly, clouds with subcritical mass-to-flux ratio also proceed
directly to a power-law PDF, but with a much steeper index α ≃ 4. This is a result of
gravitationally-driven ambipolar diffusion. However, for nonlinear perturbations with
a turbulent spectrum (v2k ∝ k
−4), the column density PDFs of subcritical clouds do
retain a lognormal shape for a major part of the cloud evolution, and only develop a
distinct power-law tail with index α ≃ 2 at greater column density when supercritical
pockets are formed.
Key words: ISM: clouds – ISM: magnetic fields – magnetohydrodynamics (MHD) –
stars: formation
1 INTRODUCTION
In recent years there has been a growing interest in the
study of the column density probability distribution func-
tion (PDF) of molecular clouds. This function is signif-
icant in current theories of star formation as it is used
to explain the initial mass function (Padoan & Nordlund
2002; Hennebelle & Chabrier 2008), star formation rates
(Padoan & Nordlund 2011; Hennebelle & Chabrier 2011;
Federrath & Klessen 2012) and star formation efficiencies
(Federrath & Klessen 2013) of molecular clouds. The PDF
is the normalized histogram of the column density obtained
from the measurement within some area of the sky that
⋆ E-mail: sauddy3@uwo.ca
† E-mail: basu@uwo.ca
‡ Email: kudoh@nagasaki-u.ac.jp
contains a molecular cloud. One way to measure the col-
umn density of a molecular cloud is using dust extinc-
tion and the reddening of the light of background stars
in the near IR (Alves et al. 2001; Kainulainen et al. 2009;
Alves et al. 2014). Furthermore, mid-infrared (IR) absorp-
tion (Bacmann et al. 2000), millimetre continuum emission
(Ward-Thompson et al. 1999) and flux measurements in op-
tically thin lines (Tafalla et al. 2002) are the other com-
monly used methods to measure column density.
Early numerical investigation (Vazquez-Semadeni 1994;
Padoan et al. 1997; Passot & Va´zquez-Semadeni 1998;
Padoan & Nordlund 1999) through non-self-gravitating
purely hydrodynamic isothermal simulations showed that
a lognormal density PDF is a preferred outcome of the
development of hierarchical structures. The next genera-
tion of magnetohydrodynamic (MHD) simulations of the in-
© 2016 The Authors
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terstellar medium including self-gravity (Scalo et al. 1998;
Federrath et al. 2008) found evidence of a growing power
law at high densities. It was natural to interpret that the
volume density PDF follows an underlying lognormal distri-
bution, with a departure to a power law at higher density
as it develops gravitationally collapsed objects.
Recent observations by Kainulainen et al. (2009) are
broadly consistent with the idea that the column density
PDF has an underlying lognormal shape with an additional
power law at high column density. They identified that ac-
tive star-forming clouds have an excess of high column den-
sities, which manifests in the nonlognormal wings of the
PDF. In contrast, quiescent clouds without active star for-
mation are fit well by a lognormal distribution over the whole
range of observed column density. A Herschel-SPIRE sur-
vey of the Mon R2 giant molecular cloud (Pokhrel et al.
2016) found that the gas column density PDF is lognor-
mal, but with a power-law tail with best-fit index α = 2.15
above ∼ 1021 cm−2. These observations are consistent with
the evolutionary trend where turbulent motions play the
main role in shaping the cloud in the early stages, but
core formation is dominated by gravity and possibly mag-
netic fields. Several numerical studies (Tassis et al. 2010;
Ballesteros-Paredes et al. 2011; Ward et al. 2014) have sub-
sequently shown that a power-law tail develops over time
and its strength grows as the rate of star formation activity
increases.
A recent survey by Lombardi et al. (2015) reconfirms
the results from Kainulainen et al. (2009) that at a high
extinction the PDFs are best fit with a power law. They
measure the column density in terms of the K-band ex-
tinction AK from the dust emission maps of Herschel and
Planck data, and show that for AK > 0.2 mag, the PDFs
(dN/d log AK ∝ A
−α
K ) have power-law indices with α ≈ 2, but
clouds with lower star formation activity, i.e. Polaris and
Pipe, have α = 3.9 and α = 3.0, respectively. Ko¨nyves et al.
(2015) also find a power-law PDF for the Aquila star-forming
cloud using Herschel data, with index α ≈ 2. Alves et al.
(2017) extend the idea that PDFs of molecular clouds are
only a power law, with slope varying from α ≈ 4 for diffuse
clouds to α ≈ 2 for clouds with active star formation. This
is consistent with the fact that steeper slopes mean a lack of
high density material and thereby less star formation. How-
ever, a physical explanation of a steeper slope in such clouds
has been lacking.
A key question is whether clouds with a strong mag-
netic field exhibit distinct features of column density PDFs
in comparison to clouds with a weak magnetic field. The log-
normal feature is often interpreted as a direct imprint of su-
personic turbulence, which is believed to dominate the evo-
lution of observed clouds (Vazquez-Semadeni 1994). How-
ever, the recent work by Tassis et al. (2010) points out that
lognormal column density PDFs may be a more generic
feature of molecular clouds and should not be interpreted
as a result of supersonic turbulence alone. Observationally
there is also the claim by Alves et al. (2017) that the log-
normal peak may be an artifact arising due data incom-
pleteness, and thereby not a result of supersonic turbu-
lence. Tassis et al. (2010) also show that gravitationally-
driven ambipolar diffusion plays a significant role in shap-
ing the PDFs. Furthermore, a thermally bi-stable numer-
ical simulation by Ballesteros-Paredes et al. (2011) reveals
that global gravitational contraction enhances the initial
density fluctuations and results in a wider lognormal PDF
and a power-law tail at later times. It is likely then that
the column density PDFs of molecular clouds arise from
a variety of initial conditions and can represent different
evolutionary stages. Here, we explore the process of molec-
ular cloud fragmentation based on the interplay of turbu-
lence, gravity, and magnetic fields. While large scale turbu-
lence sweeps up the interstellar medium and compresses the
gas into filaments and shocks, magnetic fields can provide
a global support against the collapse until gravitationally-
driven ambipolar diffusion leads to a runaway collapse of
the densest regions of the cloud (e.g. Nakamura & Li 2005;
Kudoh & Basu 2011). In this paper, we explore the effect
of the magnetic field, gravity, and ambipolar diffusion in
determining the column density PDFs. Our study follows
the previous ones by Kudoh & Basu (2008, 2011). We carry
out a parameter study by running a number of simulations
with different initial conditions. Our main objective is to see
the effect of large-scale magnetic fields and nonlinear initial
perturbations on the time evolution of the column density
PDF. We further investigate the differences in steepness of
the power-law index of the column density PDF and connect
them to different initial conditions. Since direct magnetic
field measurements using the Zeeman effect (Crutcher 2012)
are rarely successful, a key goal is to find a link between the
structural properties of molecular clouds and the ambient
magnetic field strength (or mass-to-flux ratio).
Our paper is organised in the following manner. The
numerical model and some background theory is discussed
in Section 2, and the results from the simulations are given
in Section 3. We provide more discussion of the results in
Section 4 and give a summary in Section 5.
2 THEORY AND NUMERICAL MODEL
Magnetic fields and ambipolar diffusion play an impor-
tant role in the star formation process. They can regu-
late the cloud collapse and fragmentation process, con-
trol angular momentum evolution through magnetic brak-
ing, and possibly moderate the mass reservoir for stars
by limiting the mass accretion from the magnetic enve-
lope. The relative strength of gravity and the magnetic
field is measured by the mass-to-flux ratio M/Φ. There ex-
ists a critical mass-to-flux ratio (M/Φ)crit (Mestel & Spitzer
1956; Mouschovias & Spitzer 1976; Strittmatter 1966;
Tomisaka et al. 1988). For M/Φ>(M/Φ)crit, the cloud is su-
percritical and is prone to indefinite collapse. However, for
M/Φ <(M/Φ)crit the cloud is subcritical and cannot col-
lapse as long as magnetic flux freezing applies. For ex-
ample, M/Φ <(M/Φ)crit=(2piG
1
2 )−1 is required for stability
against fragmentation for an infinite uniform layer that
is flattened along the direction of the background mag-
netic field (Nakano & Nakamura 1978). However, in non-
ideal MHD, neutral-ion slip leads to gravitationally-driven
fragmentation on the ambipolar-diffusion timescale (Langer
1978; Ciolek & Basu 2006; Mouschovias et al. 2011). In this
project we focus on the fragmentation and core formation
in nonideal MHD clouds. Kudoh et al. (2007) performed a
three-dimensional simulation of the fragmentation and core
formation in the subcritical clouds with ambipolar diffusion
MNRAS 000, 1–12 (2016)
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and gravitational stratification along the magnetic fields.
Kudoh & Basu (2008, 2011) did a further parameter study
to demonstrate that core formation occurs faster as the
strength of the initial flow speed in the cloud increases.
2.1 Setup for numerical simulation
The numerical model used in this paper is similar to previ-
ous ones (Kudoh et al. 2007; Kudoh & Basu 2008, 2011). We
solve the three-dimensional nonideal magnetohydrodynamic
(MHD) equations including self-gravity and ambipolar dif-
fusion:
∂ρ
∂ t
+v ·∇ρ =−ρ∇ ·v, (1)
∂ v
∂ t
+
(
v ·∇)v =− 1
ρ
∇p+
1
cρ
j×B−∇ψ, (2)
∂B
∂ t
= ∇×(v×B)+∇×[ τni
cρ
(
j×B)×B] , (3)
j =
c
4pi
∇×B, (4)
∇2ψ = 4piGρ, (5)
p = c2s ρ, (6)
where ρ is the density of the neutral gas, p is the pressure, v
is the velocity,B is the magnetic field, j is the electric current
density, ψ is the self-gravitational potential and cs is the
sound speed. Equations (1) and (2) are the mass continuity
and the momentum equations, respectively. Equation (3) is
the magnetic induction equation. The neutral-ion collision
time in equation (3) is given by
τni = 1.4
mi +mn
ρi〈σw〉in (7)
(e.g. Basu & Mouschovias 1994), where ρi is the ion density
and 〈σw〉in is the average collision rate between the ions of
mass mi and neutrals of mass mn. Furthermore, it is assumed
that the temperature of the gas makes a step-like transition
from a cool molecular gas to a warm surrounding medium at
a height of zc = 2H0 (see Eq. [18] of Kudoh & Basu (2011))
and that in the subsequent evolution each Lagrangian fluid
particle is in isothermal equilibrium (Kudoh & Basu 2003,
2006) so that
dcs
dt
=
∂cs
∂ t
+v ·∇cs = 0. (8)
This means that each parcel of the molecular cloud and the
surrounding warm gas retain their initial temperature. As
an initial condition we set up the simulation box with a
preferred direction of the uniform magnetic field. The self-
gravitating cloud is in hydrostatic equilibrium along the di-
rection of the magnetic field and forms a sheet-like geometry.
The one-dimensional hydrostatic equilibrium can be calcu-
lated using the following equations:
d p
dz
= ρgz,
dgz
dz
=−4piGρ, p = c2s ρ, (9)
subject to boundary conditions gz(z = 0)= 0, ρ(z = 0)= ρ0,
p(z = 0)= ρ0c
2
s0, where ρ0 and cs0 are the initial density and
the sound speed at z= 0. The initial magnetic field is assumed
to be uniform along the z -direction: Bz = B0, Bx = By = 0,
where B0 is a constant. The simulation of the equilibrium
gas sheet is started with random velocity perturbations
Table 1. β0 is the initial ratio of thermal to magnetic pressure at
z = 0, va is the amplitude of the initial velocity fluctuation, tcore is
the time needed for core formation.
Model β0 Spectrum va/cs tcore/t0 Comments
V1 0.25 k−4 0.1 87.6
V4 0.25 k−4 3.0 16.9 Fiducial model
K1 0.25 k0 3.0 95.7
B3 4.0 k−4 3.0 1.13 Initially supercritical
B4 9.0 k−4 3.0 1.06 Initially supercritical
B8 4.0 k−4 0.1 7.36 Initially supercritical
(vx = vaRm(x,y), vy = vaRm(x,y), vz = 0) at each grid point
where Rm is a random number with a spectrum v
2
k ∝ k
n in
Fourier space and n is either −4 or 0. These correspond to
turbulence or white noise, respectively. The turbulence is
not replenished, and therefore allowed to decay freely. We
use periodic boundaries in the x− and y− directions and
a mirror-symmetric boundary condition at z = 0. The com-
putational region is −4piH0 < x,y < 4piH0 and 0 < z < 4H0.
The number of grid points in each direction is (Nx,Ny,Nz) =
(256,256,20).
2.2 Numerical Parameters
As units of length, velocity and density we choose H0 =
cs0/
√
2piGρ0, cs0 and ρ0, respectively. This naturally gives
the unit of time t0 ≡ H0/cs0. The ratio of the initial gas to
magnetic pressure at z = 0 introduces one dimensionless pa-
rameter,
β0 =
8piρ0c
2
s0
B20
. (10)
The parameter β0 is related to the normalized mass-to-flux
ratio µS ≡ 2piG
1
2 ΣS/B0 for Spitzer’s self-gravitating cloud
(Spitzer 1942), in which ΣS = 2ρ0H0. Therefore,
β0 = µ
2
S . (11)
Dimensional values of all the quantities can be found by
specifying appropriate values for ρ0 and cs0. For example,
if cs0 = 0.2 km s
−1 and n0 ≡ ρ0/mn = 104 cm−3 where mn =
2.33×1.67×10−24g, we obtain H0 ≃ 0.05 pc, t0 ≃ 2.5×105 yr
and B0 ≃ 40 µG if β0 = 0.25. The unit of column density is
Σ0 = ρ0H0 ≃ 6×10−3gcm−2, which corresponds to a number
column density N0 ≡ Σ˜0/mn ≃ 1.5×1021cm−2. We define Σ˜ =
Σ/Σ0 as the normalized column density.
3 RESULTS
Table 1 summaries the simulation results for all the models
and for different parameters. In the table we have listed the
values of β0, the form of power spectrum, vk, and the ampli-
tude of the initial velocity fluctuation va. We have also listed
the core formation time t0, which is defined as the time when
the maximum density of a core reaches 100ρ0. Depending on
the value of the initial mass-to-flux ratio, we have classified
the models as subcritical (β0 < 1) or supercritical (β0 > 1).
Model V1 and V4 are subcritical clouds, in which we have
changed the amplitude of the initial velocity fluctuation va
but with the turbulent spectrum fixed at v2k ∝ k
−4. Model
MNRAS 000, 1–12 (2016)
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Figure 1. Logarithmic column density (Σ˜ = Σ/Σ0) contours at t =
1.13t0 for the model B3 with nonlinear velocity spectrum v
2
k ∝ k
−4
of amplitude va = 3.0cs0 . The model B3 is initially supercritical
(i.e. β0 = 4). The x and y axes are in the units of H0 ≃ 0.05 pc.
The maximum column density is located at (x,y)=(15.4H0 ,8.3H0).
The unit of time is t0 ≃ 2.5×105 yr. The panel shows the column
density when viewed face on along the direction of the magnetic
field (z−axis).
K1 is also subcritical and has an initial velocity fluctuation
va = 3.0cs0 but the power spectrum is white noise, v
2
k ∝ k
0. In
the models B3 to B8, we have β0 > 1, and the cloud is su-
percritical with initial velocity fluctuation in both supersonic
(va = 3.0cs0) and subsonic (va = 0.1cs0) limits. We are particu-
larly interested in the column density PDF of the subcritical
clouds where the magnetic support prevents rapid gravita-
tional collapse. Instead, the cloud oscillates and settles into
a quasiequilibrium state of filamentary structure due to the
interplay of turbulence, magnetic support and gravitation-
ally driven ambipolar diffusion (see Auddy et al. (2016) for
details). Interestingly, the subcritical clouds with linear per-
turbations tend to have a much steeper slope in their column
density PDF (α ≃ 4) as discussed later in Section 3.2.
3.1 General properties of the supercritical cloud
Here we discuss models that are initially supercritical with
β0 > 1. We consider a velocity spectrum v
2
k ∝ k
−4 with both
linear and nonlinear initial velocity amplitude. Figure 1
shows the time snapshot of the logarithmic column density
at the end of the simulation for model B3 (t = 1.13t0). This
model starts with an initially supercritical mass-to-flux ra-
tio with β0 = 4. The figure shows the column density in the
x−y plane at the end of the simulation when the maximum
density is 100ρ0. The column density is obtained by inte-
grating the sheet along the direction of the magnetic field (z
axis). We assume that the cloud is viewed face on along the
short axis whose width is typically set by the hydrostatic
equilibrium along the magnetic field.
Figure 2 shows the time snapshot of the logarithmic
Figure 2. Logarithmic column density contours at t = 7.36t0 for
the model B8 with linear initial velocity amplitude va = 0.1cs0 . All
the other parameters are the same as model B3. The panel shows
the column density when viewed face on along the direction of
the magnetic field (z−axis).
column density for model B8 at t = 7.36t0. Model B8 corre-
sponds to a linear perturbation with initial velocity ampli-
tude va = 0.1cs0. All the other parameters are the same as
model B3. The core formation time for model B3 (t = 1.13t0)
with nonlinear velocity perturbation is much less than for
model B8 (t = 7.36t0) with a linear perturbation. Further-
more, visual inspection of Figures 1 and 2 shows that the
column density distribution for model B3 is much more fil-
amentary than for model B8. The filaments in model B3
are distributed throughout the simulation region, with some
of them having more condensed regions with higher col-
umn density. The maximum column density is located at
(x,y)=(15.4H0,8.3H0). Model B8 evolves much more slowly
until one of two dense regions go into a runaway collapse
due to gravity. The maximum column density for model B8
is located at (x,y)=(14.8H0,9.3H0). The denser filamentary
network in model B3 can be attributed to the initial velocity
amplitude that is 30 times greater than that in model B8.
As the clouds are supercritical to begin with, the large-scale
supersonic turbulence condenses the gas and gravity causes
the dense regions to go into a runaway collapse. In model
B4 we further decrease the strength of the magnetic field,
keeping all the other parameters similar to model B3. The
intrinsic nature of the column density remains the same only
with a tiny difference in the core formation time as shown
in Table 1. The presence of a weak magnetic field does not
seem to have a strong impact compared to the decaying tur-
bulence and gravity in the evolution of these supercritical
clouds.
3.1.1 The Column Density PDFs for supercritical clouds
Figures 3 and 4 show the column density PDFs along with
the best-fit modified lognormal power law (MLP) and Pareto
MNRAS 000, 1–12 (2016)
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Figure 3. The column density PDF of model B3 at t = 0.28 Myr.
The dashed-dotted line is the best-fit MLP distribution with
parameters α = 1.7, µ0 = −0.25, and σ0 = 0.37. The vertical axis
is log Σ˜ f (Σ˜)= log(∆N′/∆ log Σ˜), where ∆N′ = ∆N/(Ntotal ln
(
10
)
) and
∆ log Σ˜ = 0.01. The dashed red line in the best-fit power law to the
tail of the column density PDF (log Σ˜≥ 0.8) with power-law index
α = 2.2. All fits are done using maximum likelihood estimation
and are independent of binning.
distributions (Clauset et al. 2009), for the two models B3
and B8, respectively. The MLP distribution is a three-
parameter PDF given in closed form as
f
(
Σ
)
=
α
2
exp
(
αµ0 +
α2σ20
2
)
Σ
−(1+α)
× erfc
(
1√
2
(
ασ0−
lnΣ−µ0
σ0
))
, Σ ∈ [0,∞)
(12)
(Basu et al. 2015). Here Σ is the column density of the
molecular cloud, and the three parameters describing the
MLP distribution are α, µ0 and σ0. The power-law tail is
represented by α, while µ0 and σ0 describe the body of
the distribution (see Basu et al. (2015) for details). Here,
we find the set of parameters for the MLP distribution
that fits the normalized column density PDF. The rela-
tive similarity in the normalized column density PDFs for
both the models is evident in the fit parameters. Figure 3
shows the normalized column density PDF of model B3
obtained at the end of the simulation at t = 1.13t0, i.e.
0.28 Myr. Here we plot log(∆N′/∆ log Σ˜)≡ log Σ˜ f (Σ˜), where
∆N′ = ∆N/(Ntotal ln
(
10
)
) and ∆ log Σ˜ = 0.01 with log Σ˜ in the
horizontal axis. We fit the MLP distribution using the
maximum likelihood estimation (Johnson et al. 2002). The
best-fit parameters are α = 1.7, µ0 = −0.25, σ0 = 0.37. For
all the fitting routines we have used the PYTHON op-
timization module scipy.optimize.differential.evolution and
scipy.optimize.basinhopping to find the global minimum of
the function. Figure 4 shows the normalized column density
PDF of model B8 obtained at the end of the simulation at
t = 7.36t0, i.e. 1.84 Myr. Similarly, we fit the MLP to Σ˜ f (Σ˜)
using the maximum likelihood estimation (MLE) method.
We note that the MLE fits are independent of binning. The
best-fit parameters are α = 2.2, µ0 = 0.06, and σ0 = 0.14.
For both the models B3 and B8 we also fit the Pareto
distribution ( f
(
Σ
)
∝ Σ−
(
1+α
)
) to the tail of the column den-
sity PDF, i.e. where log Σ˜ ≥ 0.8. In Figures 3 and 4, the
dashed red line represents the best-fit power law using MLE,
−0.1 0.2 0.5 0.8 1.1 1.4 1.7
log Σ˜
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resolution (256, 256, 20)
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MLP
power-law
Figure 4. The column density PDF of model B8 at t = 1.84 Myr.
The dashed-dotted line is the best-fit MLP distribution with pa-
rameters α = 2.2, µ0 = 0.06, and σ0 = 0.14. The dashed red line
in the best-fit power law to the tail of the column density PDF
(log Σ˜ ≥ 0.8) with power-law index α = 2.5.
.
yielding α = 2.2 and α = 2.5 for model B3 and B8, respec-
tively. The power-law fits are slightly steeper than the MLP
fits. This is because the MLP gives a global fit to the en-
tire distribution, including the turnover at the lower column
density values. Thus, depending on the turnover point the
MLP fits adjust accordingly and give a global representa-
tion of the entire distribution. We performed several simu-
lations with same initial conditions but different (increased)
spatial resolution, different random perturbation seeds, and
different fitting routines, and found that the value of the
measured power-law index α has a variability of 10%−20%.
The slightly steeper slope for model B8 can be attributed
to the smaller initial velocity perturbation. There are fewer
regions with dense gas compared to model B3 as evident
in Figures 1 and 2. The column density PDF for model B3
with nonlinear perturbations has a wider spread (indicated
by σ0) compared to model B8 with linear perturbations.
More importantly, for both these supercritical models, the
power law establishes itself at a very early stage of evolution
so there is no significant observable time with a lognormal
PDF. The power law dominates almost the entire distribu-
tion since many regions go into direct collapse, i.e. there is
a global fragmentation and gravitational collapse.
3.2 General properties of the subcritical cloud
We discuss the result of model V4 as a fiducial model, where
the cloud has β0 = 0.25, corresponding to a normalized mass-
to-flux ratio of about 0.5. We initiate the simulation with an
initial nonlinear turbulent velocity perturbation of ampli-
tude va = 3.0cs0. Figure 5 shows the time snapshot of the
logarithmic column density colour map of model V4. The
snapshot is obtained at the end of the simulation, when the
maximum density is 100ρ0. The figure shows the column
density in the x−y plane that is obtained by integrating the
sheet along the direction of the magnetic field (z−axis).
Figure 6 shows the time snapshot of the logarithmic
column density at the end of the simulation for model V1.
The model V1 corresponds to linear perturbations with
MNRAS 000, 1–12 (2016)
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Figure 5. Logarithmic column density contours at t = 16.9t0 for
the model V4. The model V4 is the fiducial model, in which the
turbulent spectrum is v2k ∝ k
−4 with the initial velocity amplitude
va = 3cs0. This is a subcritical cloud with the initial mass-to-flux
ratio of about 0.5 (i.e. β0 = 0.25). The unit of time is t0 ≃ 2.5×105
yr. The figure shows the column density when viewed face on
along the direction of the magnetic field (z−axis).
Figure 6. Logarithmic column density contours at t = 87.6t0 for
the model V1 corresponding to the initial velocity amplitude va =
0.1cs0 . This is also a subcritical cloud (similar to ModelV4) with
the initial mass-to-flux ratio of about 0.5 (i.e. β0 = 0.25) with the
turbulent spectrum is v2k ∝ k
−4. The unit of time is t0 ≃ 2.5×105 yr.
The figure shows the column density when viewed face on along
the direction of the magnetic field (z−axis).
Figure 7. Logarithmic column density contours at t = 95.7t0 for
the model K1. The model K1 has a turbulent spectrum v2k ∝ k
0.
All other initial conditions are same as the fiducial model V4. The
initial velocity amplitude va = 3cs0 and initial mass-to-flux ratio
is about 0.5 (i.e. β0 = 0.25). The unit of time is t0 ≃ 2.5× 105 yr.
The figure shows the column density when viewed face on along
the direction of the magnetic field (z−axis).
va = 0.1cs0. All the other parameters are same as the fiducial
model V4. One of the main differences between model V4
and V1 is the core formation time. It is t = 16.9t0 for model
V4 but a much longer time t = 87.6t0 for model V1 with
its initial linear perturbation. By visual inspection of Fig-
ures 5 and 6, one can also see the morphological difference
in the distribution of dense structures. The fiducial model
is much more filamentary and has more evolved collapsing
cores within the vicinity of the maximum column density
located at (x,y) = (14.8H0,−9.5H0). Although model V1
has evolved much longer than model V4, the weak veloc-
ity perturbation causes very little compression of the gas.
Furthermore, the presence of strong magnetic support pre-
vents the gas from collapsing due to self-gravity. The dense
regions settle into an oscillatory equilibrium between mag-
netic and gravitational forces, with the neutrals gradually
diffusing through the field lines due to ambipolar diffusion
and forming denser regions.
Figure 7 shows a time snapshot of the column density of
model K1 at the end of the simulation. Model K1 has a tur-
bulent spectrum v2k ∝ k
0 with all the other parameters same
as the fiducial model. Although a flat spectrum is not consis-
tent with observations, we use it to compare with the fiducial
model. The white noise turbulence creates compressions in
the initial stages that are more localized than in model V4
and they are not filamentary. Eventually, ambipolar diffu-
sion leads to the formation of widely distributed cores. The
core formation time (t = 95.7t0) is much longer than in the
fiducial model. Furthermore, the cores are mostly circular in
shape with a lack of filamentary structures.
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Figure 8. The time evolution of the column density PDF of the fiducial model V4 along with the best-fit lognormal distribution in the
normalized form. The time corresponding to each snapshot is indicated on the top of each panel. The value of the fit parameters µ and
σ are also shown on the bottom left corner on individual panels. The dotted black line parallel to the y−axis at log10 Σ˜ = 0.8 on the final
subplot marks the power-law zone.
3.2.1 The column density PDFs for subcritical clouds
Figure 8 shows the time evolution of the column den-
sity PDF of the fiducial model V4. Here we plot
log(∆N′/∆ log Σ˜)≡ log Σ˜ f (Σ˜) and show the snapshots at dif-
ferent times of the column density starting from t = 10t0,
(i.e. t = 2.50 Myr) till the end of the simulation when the
maximum density is 100ρ0. The time corresponding to each
snapshot is indicated on the top of each panel. In each panel,
the PDF is overplotted with the best-fit lognormal distribu-
tion
f
(
Σ
)
=
1
Σ
√
2piσ
exp
(
−
(
lnΣ−µ)2
2σ2
)
(13)
(till the cutoff point Σ˜ = 6.3). We fit the lognormal distri-
bution using MLE and the fit parameters µ and σ of the
successive epochs during the time evolution are shown in
each panel.
The first panel on the top left of Figure 8 is a snapshot
of the column density PDF at a very early stage of evolution.
The PDF is predominantly lognormal with a broad spread
about its mean. A best-fit lognormal distribution (black
dashed line) has the parameter values µ = 0.60 and σ = 0.35.
The lognormal shape in the early stages can be attributed to
the initial nonlinear perturbation (Vazquez-Semadeni 1994)
(discussion in the next section). As the cloud evolves further,
it gets compressed due to the large-scale flow and develops
some pockets of high column density. Then it rebounds and
shows oscillation. Thus with each successive compression
more regions with high column density develop. The max-
imum density is also strongly increased during each com-
pression (see figure 14 in Kudoh & Basu (2011)) due to the
supersonic flow. This feature is very pronounced in Figure 8
where we see the width of the column density PDF gradually
widens over time (see also Ward et al. (2014); Tassis et al.
(2010)), hence it is not just a fixed value solely depending on
the initial strength of the nonlinear perturbation (supersonic
turbulence)1. This is shown in the increase in the value of
the lognormal fit parameter σ . After several oscillations, the
local pockets of higher column density become supercritical
and go into a runaway collapse. The column density PDF
retains its lognormal shape for the most part of the evolu-
tion. However, at around t = 4.00 Myr, it builds up regions
of high column density. A distinct power-law tail gradually
emerges, as seen in the bottom row of Figure 8.
To resolve the high density regions and highlight the
power law at the final snapshot, we further perform a simula-
tion with same initial conditions as model V4 but with twice
the spatial resolution. Therefore (Nx,Ny,Nz) = (512,512,40),
and we follow the simulation till the maximum density is
100ρ0. As reported previously in Kudoh & Basu (2011), the
1 Although the width is growing as turbulence decays (decreasing
Mach number), the final column density PDF (see section 3.2.2)
is consistent with the trend found in hydrodynamic simulations
with driven turbulence (e.g., Federrath & Klessen (2013)), where
greater initial Mach number corresponds to a wider PDF.
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Figure 9. The column density PDF of model V4 at t = 3.55 Myr
with spatial resolution (512,512,40). The dashed black line is best-
fit lognormal distribution using the maximum likelihood estima-
tion and has parameters µ0 = 0.58 and σ0 = 0.39. The dashed red
line represents the best-fit power law using maximum likelihood
with power-law index α = 2.4. The two regions are separated by
a dotted black line at log Σ˜ = 0.8. The inset box on the top right
corner is a zoomed in view of the power-law region along with the
best-fit line.
core formation time becomes slightly shorter for the high-
resolution cases. In the case of model V4 the core formation
time is t = 14.2t0. It should be noted that the realization of
the random perturbation to the initial velocity fluctuations
are also not the same when adopting a different resolution
(see Kudoh & Basu (2011) for details). Figure 9 shows the
best-fit power law (red dashed line) along with the best-fit
lognormal distribution (black dashed line) for the fiducial
model V4 but for a higher spatial resolution (512,512,40).
The zoomed-in inset box on the upper right corner in Fig-
ure 9 shows the power-law fit in the log Σ˜ f (Σ˜) vs log Σ˜ plot,
which has an index α = 2.4. The gradual development of a
power-law tail in the later stages of the evolution can be
attributed to gravitationally-driven ambipolar diffusion oc-
curring within the compressed filaments (see Kudoh & Basu
(2014) for an analytic model). The neutrals drift past the
field lines to form supercritical pockets within the filaments,
on a somewhat shortened ambipolar diffusion time scale, and
rapid collapse ensues in those regions.
Figure 10 shows the normalized column density PDF
of model K1 along with the best-fit MLP distribution. The
best-fit parameters are α = 4.0, µ0 = 0.37, σ0 = 0.09. This
model has a flat spectrum v2k ∝ k
0, but is otherwise the same
as the fiducial model V4. The white noise turbulence cre-
ates compressions in the initial stages that are more local-
ized than in model V4 and they are not filamentary. Even-
tually, ambipolar diffusion leads to the formation of widely
distributed cores. The formation process of the cores is ul-
timately more similar to that of model V1 (linear pertur-
bations) discussed below, as there are no large scale density
compressions that create a filamentary structure (see also
Basu et al. (2009)). An ensemble of cores formed through
ambipolar diffusion is expected to have a very steep column
density PDF as explained in Section 4.
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Figure 10. MLP fit to the column density PDF of model K1 at
t = 23.93 Myr. The best-fit parameter values are α = 4.0, µ0 = 0.37,
and σ0 = 0.09.
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Figure 11. The column density PDF of model V1 at t = 21.90 Myr.
The dashed-dotted line is the best-fit MLP distribution with pa-
rameters α = 4.3, µ0 = 0.40, and σ0 = 0.06.
3.2.2 Effect of Initial Velocity Amplitude
Model V1 has same initial conditions as our fiducial model
V4 but with varying velocity perturbation amplitude va. The
characteristics of the column density PDF of this model are
studied using the best-fit MLP distribution. Figure 11 shows
the normalized column density PDF of the model V1 ob-
tained at the end of the simulation at t = 87.6t0, i.e. 21.90
Myr. We fit the MLP distribution to Σ˜ f (Σ˜) using MLE. The
best-fit parameters are α = 4.3, µ0 = 0.40, σ0 = 0.06.
With the best-fit MLP distribution, it is relatively easy
to quantify several important properties of the column den-
sity PDF for the subcritical cloud with different initial ve-
locity fluctuations. For both the models, the magnetic field
provides the dominant support against collapse in the initial
subcritical phase. The fiducial model V4 with nonlinear tur-
bulence goes through an oscillatory filamentary phase, with
magnetic pressure and tension acting like a spring working
against the initial compression.
A major part of the evolution is dominated by a log-
normal distribution as seen in Figure 8. However, model V1
does not show any oscillations. It settles into a quasiequilib-
rium between gravitational and magnetic forces and evolves
MNRAS 000, 1–12 (2016)
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Figure 12. The column density PDFs of simulated models of
molecular cloud with different initial conditions. The red and the
black histogram are the supercritical model B8 and B3 with linear
and nonlinear perturbation respectively. The yellow and the blue
histogram are both subcritical clouds with linear (model V1) and
nonlinear perturbation (model V4) respectively. The vertical axis
is the normalized frequency ∆N′ = ∆N/(Ntotal ln(10)) with the data
binned with a uniform spacing of ∆ log Σ˜ = 0.018. Blue histogram
is the high resolution (512,512,40) version of model V4.
rather slowly compared to model V4. While Figure 9 shows
that the power law is prominent only at higher column den-
sities (log Σ˜≥ 0.8) in model V4, for model V1 the power law
is not only steep but extends all the way to much lower val-
ues of column density as shown in Figure 11. The value of
α is relatively high in the log(Σ˜ f (Σ˜))vs log Σ˜ plot. Another
obvious distinction between the two PDFs is the spread of
the distribution indicated by the values of the fit parameters
σ and σ0. The fiducial model has a much broader distribu-
tion (σ = 0.39) compared to the model V1 (σ0 = 0.06). The
difference in the spread of the PDF between the models is
a natural imprint of the differing initial velocity perturba-
tion amplitude va. The supersonic turbulent initial condition
for model V4 results in a wider spread of the distribution
compared to model V1.
3.3 Comparison of PDFs
Figure 12 is a composite plot that shows the column density
PDFs of simulated molecular clouds with four different
initial conditions. The vertical axis is the normalized
frequency ∆N′ = ∆N/(Ntotal ln(10)) with the data binned
with a uniform spacing of ∆ log Σ˜. The horizontal axes are
log Σ˜ on the top and number column density NH2 in cm
−2
at the bottom, where NH2 = Σ˜N0. The column density PDF
for clouds with supercritical mass-to-flux ratio (red and
black histogram) is mostly power law above ∼ 1021 cm−2. In
contrast, models with strong magnetic field show different
characteristics. The column density PDF of the subcritical
model V4 (blue histogram) is predominantly lognormal with
a power-law tail above ≈ 9× 1021 cm−2. Furthermore, for
model V1 the column density PDF is primarily a power law
(no lognormal body) like the supercritical cases but with
a much steeper slope. We summarize the fit parameters of
the MLP function for all models (except V4) in Table 2.
Table 2. Fit parameters for the MLP distribution to the column
density PDF for models with different initial conditions.
Model α µ0 σ0
V1 4.3 0.40 0.06
K1 4.0 0.37 0.09
B3 1.7 -0.25 0.37
B4 1.8 -0.55 0.17
B8 2.1 0.06 0.14
4 DISCUSSION
What role does a strong magnetic field play in shaping the
column density PDFs and controlling star formation? Many
theorists (Kritsuk et al. 2011; Federrath & Klessen 2013) as-
sert that an increasing magnetic field strength acts as an
extra cushion against turbulent compression but has no def-
inite influence on the power-law slope of the PDFs. Some in-
dicate a weak steepening of the power-law tail with increas-
ing magnetic field strength (Collins et al. 2012). Our models
explore a larger dynamic range of magnetic field strength
and instead demonstrate a clear trend where subcritical
models (strong magnetic field) with linear perturbations
show minimum star formation and have a steep power-law
tail with index α ≈ 4. This broadly agrees with recent obser-
vational results from Herschel and Planck (Lombardi et al.
2015; Alves et al. 2017), which show that quiescent clouds
with reduced star formation have similar power-law features.
Our results contradict the paradigm that clouds with little
star formation have a lognormal PDF.
Furthermore, it is often debated whether a lognormal
PDF is a direct imprint of supersonic turbulence alone,
with column density PDFs becoming wider with increas-
ing Mach number (Collins et al. 2012; Federrath & Klessen
2013) and narrower with increasing magnetic field strength
(Molina et al. 2012). However, only our fiducial model V4
(with both strong magnetic field and supersonic turbulence)
mimics the results of these simulations (of magnetized clouds
with driven turbulence) where the PDF is predominantly
lognormal with a power law at the high density end. The
column density map of this model (Figure 5) is highly fil-
amentary and oscillating due to the interplay between the
magnetic and ram pressures of the large-scale flow, as de-
scribed analytically by Auddy et al. (2016). The presence
of a strong magnetic field acts like a physical spring against
the turbulent compression, and causes a sequence of oscil-
lations. This minimizes the decay of turbulence as most of
the energy stays on the large scale for an extended time (re-
sembling driven turbulence) resulting in a nearly lognormal
PDF until gravitationally-driven ambipolar diffusion takes
over. In all other models, the column density PDF devel-
ops a power law with a peak and turnover at lower val-
ues. These PDFs should not be classified as lognormal just
because they have a peak. Indeed observations often show
a pure power-law PDF for both star forming and diffuse
clouds (Lombardi et al. 2014, 2015; Alves et al. 2017). One
possible explanation (Ward et al. 2014) is that as the cloud
evolves, the underlying lognormal shape may be lost. Our
results strongly indicate that magnetic support in unison
with turbulence and gravity play a crucial role in shaping
the different observed PDFs.
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A physical interpretation of these results requires
understanding the fragmentation process in magneti-
cally supported clouds. For example, in the model of
Basu & Mouschovias (1994), the gravitational contraction of
supercritical cores embedded in a subcritical envelope occurs
in a very nonhomologous manner. The ultimately self-similar
evolution results in supercritical cores having a central near
uniform-column density surrounded by a radial power-law
profile proportional to r−1 (Basu (1997); and see Equation
A1). This is the same as for hydrodynamic self-similar col-
lapse (Larson 1969; Shu 1977; Hunter 1977). However the
convergence to this solution occurs only at innermost radii,
while an intermediate region makes the transition from a
magnetically supported envelope. Thus, the majority of the
core area has a shallower column density profile, and at the
boundary the profile of Σ is proportional to r−0.7 (see Figure
1 in Basu (1997)). As shown in Appendix (A1), the radial
column density profile with a power-law Σ ∝ r−1 as in Equa-
tion (A7) corresponds to a PDF Σ f (Σ)∝ Σ−2 but a profile
Σ ∝ r−0.5 for example will correspond to a PDF Σ f (Σ)∝ Σ−4
(Equation (A8)). The delay in reaching the self-similar col-
lapse in the magnetically supported cloud, as opposed to a
non-magnetically-supported cloud is the critical factor that
makes the PDF steeper for a magnetically supported cloud.
This is consistent with our high-resolution fiducial model
V4, which develops a power-law tail with index α = 2.4 in the
high column density end (log Σ˜ ≥ 0.8) as shown in Figure 9.
The column density PDFs of our simulated models B3 and
B8 with supercritical mass-to-flux ratio have a power-law
tail with MLP fit parameter α = 1.7 and α = 2.2 respectively.
This is also a direct imprint of the radial power-law profile
(Σ ∝ r−1) within the core. In contrast, the column density
PDFs of the models V1 and K1 is much steeper with indices
α = 4.3 and α = 4.0, respectively. In both these models with
initially small amplitude perturbations, the turbulent energy
is confined to small scales, causing primarily local collapse
due to gravitational contraction driven by ambipolar diffu-
sion (see Figures 6 and 7). There is a slow transition towards
a gravitationally collapsing supercritical inner core from an
ambient magnetically dominated regions. Most of the gas
is in a transition zone in which the radial column density
profile is significantly shallower than Σ ∝ r−1, in fact closer
to Σ ∝ r−0.5. These subcritical models can be directly identi-
fied with observations of Polaris and Pipe (Lombardi et al.
2015), which exhibit steeper power law with indices α = 3.9
and α = 3.0, respectively.
5 CONCLUSION
We have presented a unified model of column density PDFs
that accounts for lognormal plus power law PDFs in one
limit and peaked power laws with different indices in other
limits. We employed fully three-dimensional magnetohydro-
dynamical simulations with either supercritical or subcriti-
cal mass-to-flux ratio, and including ambipolar diffusion. We
also studied different amplitudes and spectra of initially-
supplied turbulence that is allowed to decay freely. Some
of our key findings, including a comparison of clouds with
strong and weak magnetic fields, are listed below.
• The column density PDFs for clouds with supercritical
mass-to-flux (β0 > 1) ratio have a power law with indices
α = 1.7 and α = 2.2 for nonlinear and linear turbulence, re-
spectively. These power laws develop quickly both in time
as well as in column density evolution, so that the PDFs are
like a pure power law except at the lowest values.
• Clouds with subcritical mass-to-flux ratio and linear
perturbations (model V1) have a PDF that is a steep power
law with index α = 4.3. Similarly, for the subcritical model
K1 with nonlinear white noise spectrum v2k ∝ k
0, the PDF
is also steep with index α = 4.0. The steep slope of these
subcritical models (V1 and K1) is indicative of the process
that magnetic support restricts the rate of core and star
formation in these clouds. This is consistent with the fact
that clouds with steeper slopes (α = 3.9 and α = 3.0), like
Polaris and Pipe, respectively (Lombardi et al. 2015), have
minimum star formation activity.
• The fitting of the column density PDF of supercriti-
cal clouds or subcritical clouds with linear perturbations is
best done by a modified lognormal power law (MLP) func-
tion (Basu et al. 2015). The MLP is a pure lognormal in
one limit and pure power law in another, depending on the
values of its three parameters. The value of the parameter
α represents the slope of the power-law profile of all mod-
els studied here. The parameter α has a typical variation
of 10%−20% depending on the different realizations of the
initial perturbation and fitting routines.
• Only in the case of a subcritical (strong magnetic field)
model V4 with nonlinear (supersonic) perturbations with
turbulent spectrum v2k ∝ k
−4 does the column density PDF
retain a lognormal shape for the major part of its evolu-
tionary phase as it oscillates due to the action of the mag-
netic field and turbulence. Eventually, the PDF develops a
power-law tail due to gravitationally driven ambipolar diffu-
sion, where the neutrals drift past the field lines and create
subregions of supercritical pockets. In these subregions the
PDF has an index α ≃ 2, similar to supercritcal clouds.
• A nonlinear velocity perturbation with turbulent spec-
trum v2k ∝ k
−4 causes a much wider spread of the column
density PDF in both supercritical and subcritical clouds
compared to clouds with linear perturbations. Furthermore,
the strength of the strong velocity perturbation shortens the
core formation time (Kudoh & Basu 2011).
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APPENDIX A: ANALYTIC MODEL OF THE
PDF
Molecular clouds contain many cores that can be approx-
imately described as isothermal spheres. There are several
analytic column density profiles to fit prestellar cores. One
model to fit such cores is the Bonnor-Ebert sphere (Ebert
1955; Bonnor 1956). This model assumes isothermal gas
spheres bounded by external pressure and a hydrostatic
equilibrium of gravity and thermal pressure. Dapp & Basu
(2009) proposed a new three-parameter analytic formula to
fit the column density profiles of prestellar cores. This model
does not assume the cloud to be in equilibrium and can fit
the dynamical states of the nonequilibrium collapse solutions
(Larson 1969) as well. Fischera (2014) discusses the PDF of
the mass surface density of molecular clouds. The column
density PDF of the molecular clouds show two distinct fea-
tures, involving a broad distribution around the peak and
a power-law tail at the high end. The first aspect can be
attributed to the turbulence of the cloud, while the tail de-
velops because of the gravitationally condensed structures.
These condensed structures are modelled as spheres or cylin-
ders with a truncated radial density. Fischera (2014) pro-
vided an analytic model of the PDF of the condensed struc-
tures, by either considering them as spheres or cylinders with
a truncated radial profile. He concluded that the asymptotic
behaviour of the logarithmic PDF (ΣP(Σ)) in the limit of
high column density has a power-law index α =(p+1)/(p−1)
for spheres or α = p/(p−1)−1 for cylinders, where p is the
power-law index of the column density profile of the con-
densed structures.
For clouds with a preferred direction of magnetic field
the cloud is flattened along the direction of the magnetic field
and settles in to a hydrostatic equilibrium (Dapp & Basu
2009). In our simulation, the magnetic field is oriented along
the z−axis, resulting in a collapsing core resembling a disk
as it is flattened along the magnetic field.
A1 Disk Geometry
The generic face-on column density profile for disk shaped
flattened core is
Σ
(
r
)
=
Σc√(
1+
(
r
a
)p) r ≤ R,
= 0, r > R,
(A1)
where p is the power-law index for the column density pro-
file. The gravitational contraction of the cores lead to the
formation of supercritical pockets of near uniform column
density regions surrounded by a power-law profile. The in-
dex p achieves the value 2 just outside the uniform region a,
but transitions to ∼ 1.5 at the boundary of the supercriti-
cal cores (Basu & Mouschovias 1995; Basu 1997). Assuming
vertical hydrostatic equilibrium, the volume density is pro-
portional to the square of the column density (Spitzer 1942)
so that
c2s ρ =
pi
2
GΣ2, (A2)
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and the corresponding density is given as
ρ
(
r
)
=
piG
2c2s
Σ
2
c
1+
(
r
a
)p . (A3)
One can model the molecular cloud as an ensemble of
condensed disks. The column density PDF is then
P
(
Σ
)
=
dN
′
dΣ
=−P(r)
(
dΣ
dr
)−1
, (A4)
where dN′ = dN/Ntotal. Let r/a be the normalized impact ra-
dius where a= kcs/(
√
Gρc) is the size of the flat region. P(r)dr
is the probability to measure the column density at a impact
radius of r. Using equation A1 we get
dΣ
dr
=− Σc p
(
r
a
)p−1
2a
(
1+
(
r
a
)p) 32 . (A5)
On substituting Equation A5 in Equation A4 and using
P(r)= 2pir/(piR2) we establish the PDF as
P(Σ)= 4
c2Σc p
[(
Σc
Σ
)2−1]
(
2
p−1
)(
Σc
Σ
)3
. (A6)
The power-law index for the column density profile (Equa-
tion A1) p = 2 and p = 1 corresponds to just outside the
uniform region and the boundary of the supercritical core
respectively. Depending on the region of interest we can es-
timate the power-law index the column density PDF (using
Equation A6). For p = 2 we get
P
(
Σ
)
p=2
=
2
c2
Σ
2
c
Σ3
. (A7)
In the regions just outside the uniform region, P(Σ)∝ Σ−3.
For p = 1 we find the column density PDF as
P(Σ)p=1 =
4Σ2c
c2
(
Σ
2
c−Σ2
)
Σ5
. (A8)
For Σ≪ Σc, i.e. corresponding to region well outside the
center and closer to the core boundary, P(Σ)∝ Σ−5.
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